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[Use a separate Answer Book for each Group] 
 

Group – A 
 

[There are 7 questions carrying 45 marks. Maximum you can score 30.] 
 

1. Let p and q in satisfy p  and q ( p) . Show that ( p, q) ( p q)  . Deduce that 

4 2 2x 2(p q)x (p q)     is the minimal polynomial of p q . [6] 
 

2. Let K L F  be three fields such that [F:K] is finite. Prove that [F: K] [F: L][L : K] . Hence show 

that if 
5f (x) x 2x 4   is irreducible over  and  is a zero of f(x) then none of 3 42, 2, 2  belongs 

to ( ) . [7] 
 

3. If F is a field such that the multiplicative group of units F* is cyclic, show that F is finite. [6] 
 

4. a) Prove that    3 62, 2 2 . [4] 

 b) Describe all the finite subgroups of * {0}  . [2] 
 

5. Prove that a field K is algebraically closed if and only if for every algebraic extension  F
K

 we  have    

F = K. Show that no finite field is algebraically closed. [7] 
 

6. a) Let 3 4i  denote the square root of the complex number 3+4i that lies in the first quadrant and let 

3 4i denote the square root of the complex number 3 – 4i that lies in the fourth quadrant. Prove 

that :  3 4i 3 4i : 1    
 

. [3] 

 b) Determine the degree of the extension  1 3 1 3     over . [3] 

 

7. Let f (x) [x]  be an irreducible polynomial of odd degree and let u be a root of f(x). Prove that (u)

has the property that –1 is not expressible as a sum of squares in (u) . [7] 
 

Group – B 
 

[Answer any four questions] 
 

8. Let , ,   be homomorphisms of the short exact sequence 

0 A B C 0

0 A B C 0

   

     

 

 Prove that if   and   are isomorphisms then   is also an isomorphism where A, B, C, A ,B ,C    are R 

modules and R is commutative ring with 1.  [5] 
 

9. Let N be a submodule of M. Prove that if both M
N

 and N are finitely generated then M is also finitely 

generated. [5] 
 

   
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10. Show that 2
[x]

(x 2)
 and 2

[x]
(x 3)

are isomorphic as modules over but not isomorphic as 

rings. [2+3] 
 

11. Define free module and state its universal property. Show that n nHom ( , )  . [1+1+3] 
 

12. Prove that  Hom ,
n m (m,n)

  where (m,n) = gcd (m,n). [5] 

 

13. An element m of the R-module M is called a torsian element if rm = 0 for some nonzero element r R .  

Define Tor(M) {m M |rm 0    for same nonzero r R } Prove that if R is an integral domain then 

Tor (M) is a submodule of M. [5]  

 
 

 


